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Noncanonical,Lie algebraic,hamiltonianstrucuturesin theeuleriandescriptionof idealcontinuummechanicsare
shownto becompatiblewith nearlycanonióalstructuresin thelagrangriandescription.Examplesaregivenfor compres-
sible ideal fluid dynamics,magnetohydrodynamics,nonlinearelasticity,multifluid plasmas,superfluids

4He and3He-A,
andchromohydrodynamics.

Introduction.Hamiltonian formulationsin termsof canonicalPoissonbracketsin theeuleriandescriptionof
continuummechanicshavetraditionallybeengivenby theintroductionof auxiliary “Clebschpotentials,”some
of which areunphysical,but arerequiredin orderto completethehamiltonianstructure.For reviewsof the tra-
ditional eulerianClebschmethodanddetailsof its application,see,e.g.,refs. [1—5].

Recently,noncanonicalPoissonbracketshavealsobeenintroducedforvariousnonlinearfield theories,includ-
ing Maxwell—Vlasovequations[6], magnetohydrodynamics[4,7], multifluid plasmadynamics[4,8], nonlinear
elasticity [4,9], superfluids[5,9], and evenchromohydrodynamics,whichis thenonabelianextensionofplasma
physicsto Yang—Mills fields [10,11]. For a surveyof someof thenoncanonicalbrackets,see,e.g., [12]. In each
of thesecases,noncanonicalPoissonbracketsare essentialto thehamiltonianformulationof the theory in terms
of physicalvariablesin the euleriandescription.

Oneapproachto finding thesenoncanonicalPoissonbracketsin theeulerianphysicalvariablesis to show(asa
first step)thatundera certainmap ~, a canonicalhamiltonianstructurein Clebschvariablesis compatiblewith a
noncanonicalstructure,expressedin termsof the physicalvariablesof thetheory. Themap 0 relatesthe physical
variablesto Clebschpotentialsandtheir gradients.

A difficulty in principlewithsuchnoncanonicalPoissonbrackets,eventhosecompatiblewithcanonicalbrackets,
is to verify that they do, indeed,satisf~’the Jacobiidentity. However,if thebracketsso derivedare linearin their
variables,thentheycanbe associatedreadily withappropriateLie algebras.Thisguaranteesthat theJacobiiden-
tity is satisfied.Applicationsof this approachappear,e.g.,in refs. [4,5,10,11,13].

In contrasttotheeuleriandescription,thelagrangiandescriptionofcontinuummechanicshasanearlycanonical
hamiltonianformulationwith physically meaningful(unlike the usualClebschrepresentation),canonicallyconju-
gatepositionsandmomentareminiscentof particledynamics,plus additional fluid variables,whosemeaningand
Poissonbracketswill be discussedbelow.Below,we simply call thehamiltonianformulation“canonical” in the
lagrangiandescription.

In thepresentwork, we showthat thecanonicalstructuresin the lagrangiandescriptionarecompatiblewith
noncanonicalhamiltonianstructuresof continuummechanicsin theeuleriandescription,whenthemap0 is the
naturallagrangian-to-eulerianmapwhich changesboththe independentanddependentvariables.As far aswe are
aware,thefirst discussionof suchcompatibilityof hamiltonianstructuresin eulerianandlagrangiandescriptions
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of hydrodynamicsappears(for theone-dimensionalcase)in the interestingand stimulatingpaper[14]. More re-
cently,the ideaof connectingPoissonbracketsfor fluids in the lagrangianand euleriandescriptionshasreappeared
in thecaseof superfluid4He [15]. Examplesof thesecompatiblehamiltonianstructuresare givenhere (in then-
dimensionalcase)for ideal compressiblefluid dynamics,magnetohydrodynamics,nonlinearelasticity,multifluid
plasmas,superfluids4He and 3He-A, and chromohydrodynamics.

Basic set-upfor commutingfrozen-invariables. In the lagrangiandescription,a fluid elementis labeledby its
lagrangiancoordinatei~,i = 1, ... , n. It movesalonga trajectoryx(!, t) E R’7 with a certain(canonicallyconju-
gate)momentumit(l, t). The fluid motiontransportsmass,entropy,and otherso-called“frozen-in” variablesof
the fluid (e.g.,magneticfield). The frozen-invariablesCHjk~)~jl = 1, 2 m,arecomponentsof k(f3)-forms
(or other tensors).Beingfrozen-in, they prescribeinitial ~~nditionsfor the flow and,thus, are independentof time.

We usethe followingnotation: Ak = Ak(R~~)k-formson R”; D = D(R~)vectorfields on R~1’~elements
of D.Dactsuponitself by commutationof vectorfields andactsuponA°” by Lie derivation,denoted,e.g.,Y(~)
for ~E ~ The symbol0 denotessemidirectproduct;0 denotesdirect sum.Latin indicesj = 1, 2,...,n; =

alaXk,ak = ~ia/8xk;andbG/bathefunctionalderivationof G with respectto dependentvariablea. Lagrangian
time derivativeis denotedby “dot”, e.g.,a; euleriantime derivative,a,~.Sum on repeatedindices,exceptwhere
the indicesareenclosedin parentheses.

In termsof canonicalvariablesx~,ir
1, and the frozen-invariablescE~~~k~Y thehamiltonianstructureis

very simplein the lagrangiandescription

~.~‘~H/bir. *.=—~H/öx. c°~” =0, (1)
l1’2...’k(J3)

whereHis thehamiltonian.Thus for functionalsG H of ix., iT., . } onehasG = {H, G} with
1 1 ‘1’2...

1k(J3)
Poissonbracket

{H, G} =f [(oH/~ir~)(bG/5x~)— (öG/~iirt)(bH!öxt)]d”l, (2)

and canonicalhamiltonianmatrix

x. ~.

1 ~‘ J1J2.~.Jk(-~~)

x~ 0 0

B=ir~ 0 0 . (3)

~ 0 0 0

‘1’2..1k~3)

In (3), the rowsandcolumnsare labeledby theentriesin their correspondingPoissonbrackets.
As we shallshow, the physically meaningfullagrangian-to-eulerian(L—E) mapproducesa noncanonical,

Lie algebraic,hamiltonianstructurein theeuleriandescriptionwhichis compatiblewith theoriginal canonical
structure(3). The L—E map 0LE from thelagrangianspace

L = ~l, t; z} = {lj, t;x
1, iT,C.°~i}

ontothe eulerianspace

E= {x,t;u}=

is givenby the formulas

t=t, dx~=~~dt+F~,dl1,M~=1r~/J,J:~detF, (4a)

c~ . =c9~P~. F:
1 F:~ /~l (4b)

‘1’2...’k(ji) 1112.-.Jk(J3) Jill 1212 Jk(J3)’k(J3)
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sothatF~,= ax~/alj.More explicitly, for somefixed eulerianpositiony,onehas

C~? . y)=fdnl~’1(x(l)_y)JC9’P) . (t)F~ F~....F~1 . , (4c)
‘1’2”’k(j3) llJ2”~Jk(fi) 1111 /2/2 Jk(J3)/k(j3)

where~‘1(x(I)— y) is the n-dimensionalDirac delta functionand the integralis takenoverthe lagrangiandomain.
Importantexamplesof the L—E map for frozen-invariablesare known from magnetohydrodynamicsandhave
motivatedthegeneralformulas(4b)and(4c), namely:specificentropyi~EA0 with ~ = ; magneticvectoryoten-
tialA E A1 ,A

1 ~rA~Fj7’;magneticfluxB dA E A
2,B,

7 =Bk°,Fj~’)Fl7
1; magneticfield XE A’1~,X~= Fj,X)’/J;

massdensityp E A’2, p = p0 If, andentropydensitya E A’2, a= a°/J.
The hamiltonianmatrix B in (3) tranformsundertheL—E map OLE: z(l)-~u(x) = 0[z, 11,1 -~ x = x(l), accord-

ing to a generalformula,

b* = (DvIDz) B(dm~/dm
1)(Du,/Dz)t, (5)

whereDuIDz is theFréchetderivativeandf denotesadjoint with respectto themeasuredm1.Forthe L—E map,
theratio of measuresdm~Idmi= J, and straightforwardcalculationof theFréchetjacobianoperatorDu/Dzfol-
lowedby matrix multiplicationasin (5), gives the generalresult for thehamiltonianmatrix in theeuleriande-
scription.

M. C~
I J1J2~Ik(’y)

+ a.M. (Dcc~~.

—b= 1 1 / 1 J1J2~”Jkey) 1 (6)
—DC~ . ,/Dx. 0

ll’2...
tk(p) ‘1’2-~~’k(p) ‘

where,asin (3), therowsandcolumnsare labeledby entriesin the correspondingPoissonbrackets.ThePoisson
bracketassociatedwith (6) takesthe form

{H, G} = — (d’~x~GI~M
1)[(M,a~ + a1M1)(~HI6M,)+(Dc~/k/Dxl)t(~Hrnc~)2...Jk~)]

— (6GI~C~...i k(J3))( ~~ ...ik(~)ui)(uJ~’ (7)

wheretheFréchetderivativecomputedfrom (4b) canreadily be shownto equalthe“Lie derivative”form,

—DC~ . /Dx.”C~ . +C~ . a. -~-~‘~ . a. ~ (8)
‘i’2”~k(J3) / l1l2...lk(~,/ J

12”~k(j3) ~l 1lJ”~’k(t3) ~2 1112...) 1k(p)

Five specialcasesof physicalimportanceare: A0, A1, A2, A’1~,A’1. The correspondingnegativesof theFréchet
derivativesappearingin thePoissonbracket(7) are,respectively:

~ c~)
1+ c~’~a1,c~1+c~)a1+ ~ a1c~—’~— ~ ~

ThePoissonbracket(7) is the naturalPoissonbracketon thedual to thesemidirectproductLie algebra

D 0 [®~An—k(13)]. The correspondingLie algebraiccommutatoris, thus,

[(Y; ~ (Y; G~’~~)]= ([Y, ?] ; ®(Y(~~)— ?(~~))). (9)

Dual coordinatesare:M dual to YE D, andC(’~~dual to E~
Thus,we naturallyrecoverthe semidirectproductstructurein the euleriandescript~‘~‘~(previouslyobtainedby

“experimentalcomputation”,in refs. [4,5,10,11,13], from thedirectproduct structurein the lagrangiandescrip-
tion. The direct sum®,~appearsin (9) sincedifferentfrozen-invariablesdo notinterfereamongstthemselves
undertheL—Emap;additionalfrozen-invariablessimply extendthedirectsum.
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Remark.If P is a manifold with a Poissonbracketon it anda : P -+ L is a canonicalmap,then the composition
Qo

0LE : P -+ E is also canonical.In particular,let P= T * G X T * V, whereG is the groupof diffeomorphismsof
R’1 (whoseLie algebrais D), and V * is thespaceof frozen-invariables.Takinga = idT * G X (proj on V *) (as was
suggestedto usby MarsdenandWeinstein),one obtainsthecanonicalmap gottenin ref. [161 by anothermethod.

Applicationsof thebasicset-upfor commutingvariables. For ideal magnetohydrodynarnics(MHD) the physical
variablesaregivenby: p, massdensity;a,entropydensity;M, fluid momentumdensity;and eithermagneticvector
potentialA

1, or magneticflux B11 = A1,1 — A1,~.Via relations(4b) for the frozen-in variablesp, a E A” andA =

A1dx1E A
1, theL—E map takesthecanonicalbracket(3) into the following Poissonbracketin eulerianphysical

variables,

{H, G} = _-f d”x{(5G/5M
1)[tM1a1 + 01M1)(bH/~M1)+ pa1~5H/op)+ 0a1(bHIbo)+ (—A11 + a1A1)(oH/oA1)]

+ (öG/~p)a1p(~H/bM1)+ (ÔG/ba)ö1u(5H/5M1)+ (oG/~A1)(A11+ A1a1)(oH/&~)}. (10)

In obviousnotation,(10) is definedto be the sum,

{H,G}:{H,G}M+{H,G}P+{H,G}O+{H,G}A.

Thus,one recoversthe Poissonbracket for MHD found in ref. [4] by anothermethodand identified thereasasso-
ciatedto the semidirectproductD 0 (A

0 0 A0 0 A””1). In thesameway, but in termsof different physicalvari-
ables {p, a,M

1,B11}, withB = B11dx1A dx1 E A
2, one fmds the Poissonbracket,

{H, G} = —f d”x {(5G/oM
1~[~1a1+ a1M1)(bH/bM1)+ p31(bH/5p)+ aa1(bH/lla)

+ (—B/ki+ 81B1k +
3kB/I)WI/bB/k)} + (bG/bp)3

1p(oH/~Mj)+ (bG/öa) 31o(öH/~Mj)

+ (~GIöBmn)(Bmnj + Bjn0m +Bmj3n)(öHI~Mj)}

{H, G} = ~H,G}M + {H, G}~+ {H, G}0 + {H, G}B. (11)

ThisPoissonbracketis also discussedin ref. [4] and is identified thereasliving on thedual to the Lie algebra
DO (A

0 0 A0 0 A”2). Either oneof the Poissonbrackets(10)or (11) generatestheequationsof motion for
MHD as a hamiltoniansystemG = {H, G} with hamiltonian

H= fd’1x[IMI2/2p+pe(p,a/p)_~TrB2] . (12)

whereTr B2 = ~A
1,1— A1 1)~A1 — A11).Whenthemagneticfields are absent,thehamiltoniah,equationsof motion,

andPoissonbracketsall reduceto thosefor compressible(adiabatic)fluid dynamics.
Next,in ideal elasticity,thephysicalvariablesinclude thosefor adiabaticfluid dynamics,p, a,M, as well asthe

frozen-inlagrangiandisplacements°(k)E AO(k),k = 1, 2 n. Via relations(4) the Poissonbracketin eulerian
physicalvariablesis givenby

~H,G} = — f d0x(5~[(M/3l+ 31M1)(oH/öM1)+p31(bH/~p)+ a31(bH/ôa)— ~

+ (6G/bp) ajp(öH/bMj)+ (bGi6a)01a(~H/bMj)+ ~Ii(bG/~O~)0(k),/~1Ib11’~i)~,

{H,G}= {H,G}M+ {H,G}~+{H,G}a+~ {H,G}e(k). (13)

As discussedin [4], the Lie algabraresponsiblefor this bracketis

DG(A0GA0k&l A~1(k)).
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Hamilton’s equationsfor elasticity are treated,e.g.,in ref. [3].
Forathird example,in ideal plasmadynamicsin the fluid approximation(see,e.g.,refs. [4], [8]), thephysical

variablesare:massdensityp; entropydensitya; self-consistentelectric field EandmagneticvectorpotentialA:
andthetotalmomentumdensity‘t= p~(u+ (q/m)A),whereu = x is particlevelocity andq/m is thechargeto mass
rationof theparticles.The equationsof motion are simply Hamilton’s canonicalequations(1),with hamiltonian

H=f d”lp0(l)[~Iit/p0 —(q/m)A(x,t)12 +(qIm)~(x,t)+e(p0/J,a0/.T)] + fdh2x(~IEI2_.~TrB2+E’V1?)

(14)

in a mixed description,which islagrangianfor fluid variablesx,it, and eulerianfor the canonicallyconjugateelec.
tromagneticfields E, A.

Mappingthecanonicalfluid variablesx, it, and the frozen-invariablesp0 anda°via (4a),(4c) leadsto the fol-
lowing Poissonbracket

{H, G} = ~H,G}M + {H, G}~+ {H, G}
0 + {H, G}E_A , (15)

where {H, G}E_A is thecanonicalbracketinE andA. Forthe idealplasmaequationswith multiple particlespe-
cies, the sumover speciesappearsin the lagrangianfluid part ofHin (14), andthe first threetermsin the eulerian
bracket(15) acquiresummationoverspecies;otherwise,thePoissonstructureisunchanged.Theresulting multi-
fluid plasmabracket,thus,recoversthe form in ref. [4] which is associatedto thedual of thedirect sum

s~1[D(s)0 (A
0 (s)0 A0(s))J,

with specieslabels= 1, 2, ... ,N, and the following dual coordinates:M(~) p(~)(u(~) + q(~)Im(~)A)dual to vector
fields in D(s) and p(8), a(s),eachdual to functionsin A0(s).

MoreGeneralCases,in practice,most fluid dynamicalsystemsarelesselementarythan thoseconsideredthus
far: e.g.,superfluidsandnonabelianfluids. Forsuchsystems,two new featuresappearin the noncanonicalPoisson
brackets.First, thehamiltonianmatrix associatedwith thePoissonbracketcancontainconstantterms,in addition
to thelineartermsdiscussedpreviously. Forexample,this occursin thecaseof superfluid4He,see,e.g.,ref. [4].
Second,somepartsof thePoissonbracketmaybeassociatedto finite-dimensionalLie algebras,asoccurs,e.g.,for
chromohydrodynamics[10,11] andsuperfluid3He-A [4]. Wheneither(or both) of thesenew featuresappear,
the L—E map continuesto providenaturalcanonicalrepresentations,whenappropriatechangesaremadein the
previouslycanonicalstructurein the lagrangianpicture,asfollows.

Let usexpressthePoissonbracket(7) in shorthandnotationas

{H,G}= {H,G}M+ ~{H,G}c(p). (16)
‘3

In the first case,whenconstanttermsappearin thehamiltonianmatrix, the bracket(16) becomes

{H,G}= ~H,G}M+ ~I~{H,G}c(ll)+~ {H,G}S(
7), (17)

wherethe subscriptS(y) on thelastterm refersto “symplectic” and

{H, G}5(7) = — f d’1x[(~GI6C(7)).(6H/~~C(7))— (~H/~C(7)).(~GI6~(~’))] . (18)

(In placeof “dot” in formula(18) therecouldstandcertainlineardifferential operators,seeref. [9], butwe are
nottreatingthis casein thepresentpaper.)Theindex ‘y rangesover a subrangeof that for j3, while C’(7) E A?~h1(7)
for C(7) E A

1’(’Y). Vectornotationis usedin (18) for variationalderivatives,summedovercomponentsof C(’v~and

In view of the L—E map,theadditional terms(18) in bracket(17) arisefrom lagrangianequationsof theform
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= ~H/~ir~, *~= — ~H/~x1, ~ O(~)= — oH/oC~
0(~,~0(y) = ~H/~c°(v). (19)

Forexample,in thecaseof superfluid 4Hethe correspondingPoissonbracketto (17) is (seeformula(5) of ref. [5])

{H, G} = {H, G}M + {H, G}~+ {H, G}~+ {H, G}s(O) (20)

whereMis total (normalplus superfluid)momentumdensity,p is massdensity,a entropydensity(ofnormal fluid
only) and ~H,G}s(o) involvesmassdensityp and superfluidphasea,accordingto

{H, G} = — fd’2x [(5GIóp)(~H/oa) — (~H/bp)(öG/öa)]. (21)

Therefore,the lagrangiandescriptionof superfluid4He canbe gotten from (19)with C0 = p0,C0 = a°andH as a
pullbackof theeulerianharniltoniantakenfrom, e.g.,ref. [17].

The secondadditional featureis noncommutativity,which meansin thesimplestcircumstancethat some of
theC°(1~)cantakevaluesin the duals,~ (y)’~,of variousfInite dimensionalLie algebras,~(y). The simplestnon-
abeliancaseoccurswhenc°(~~E A” ~ ~(y)* [A0 0 ~(y)]*, whereA0 ® ~(y) standsfor functionson R”
with valuesin ~(y). The correspondingadditionalpiecesfor thePoissonbracket(7) look asfollows,

2.I~{H, G}~
7)= ~ f d’1x [(6G/~p~r))(oH/bp~Y))~ (y) p~Y)], (22)

where~ (-y) arestructureconstantsof the Lie algebra~(y) and pr), etc.,are coordinateson A” 0 ~(~y)*~The
additionalpieces(22) correspondto DO [G.~(A

0(y) 0 ~(y)] .ExampleswheresuchnoncommutativePoisson
bracketsappeararegiven in ref. [10], formular(9), and ref. [ill, formula(102). In the lagrangiandescription
for suchcases,theequationsof motion takethe form

= ~H/5ir
1, *~= — ~H/&1, 15(*v) = (oH/~p~7))~ab~P~’~’ (23)

withHgiven asa pullbackof the eulerianhamiltonianin refs. [10,11].
More generally,supposethat the set of all frozen-invariables(hot only elementsof A

0) form a finite-dimen-
sionalLie algebra.Then, after the L—E map,exactlythesameLie algebrawill reappearin the Poissonbracket for
eulerianvariables.This applied,for example,in the caseof superfluid3He-A, seeformular (24) of ref. [4].

In conclusion,we pointout that thegeneralprocedureoutlinedin this papercanalso beusedto find noncanon-
ical Poissonbracketsfor a classicalYang—Mills/Vlasovplasma,describedin termsof self-consistent,nonabelian
Yang—Mills fieldsandadistributionfunctionon single-particlephasespace,asalreadydonein ref. [11].

This work wassupportedin partby NSF andDOE. We would like to acknowledgehelpful conversationswith
D. McLaughlin.We havealsohadusefulconversationsand correspondencewith J. Marsdenand A. Weinstein,
who (following the ideasof Arnol’d [18]) haveindependentlyworkedon someof the questionsaddressedin the
first two sectionsof this paper.
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